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ABSTRACT 

15291 
The influence of the plasma sheath on the slot antenna properties is considered. 

It is shown that opening a slot in a thin overdense plasma sheath re-establishes 

in many cases the radiation of an elementary cylinder antenna. The changes in 

the impedance of a cavity backed slot antenna with the onset of a plasma sheath 

are formulated on the basis of an energy theorem. 

, 
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I. INTRODUCTION 

The difficulty in maintaining communications with the aerospace vehicle 

during those phases of the flight when a plasma sheath forms on the antenna surfaces 

is well known (Rotman and Meltz, 1960; Ellis, 1962). 

radio contact with the vehicle at  these times is equally clear (Huber and Nelson, 

1962). 

a quantitative understanding of the role the plasma sheath plays in modifying the 

absolute gain and the radiation pattern of the aerospace vehicle antennas. This re -  

quires developing analytical solutions and physical concepts to explain the effect on 

the far-zone antenna characteristics caused by the presence of reactive and lossy 

plasma sheath on the antenna surfaces. Once these interaction mechanisms are  

understood, a purposeful control of the plasma configurations by aerodynamic shap- 

ing of the vehicle, and perhaps by opening slots in the plasma sheath (Cuddihy, et al, 

1963) or some other means wil l  hopefully reduce the undesirable antenna pattern 

changes and signal attenuation to levels that a r e  tolerable. 

1 
The necessity of keeping 

It appears that a contribution to the solution of this problem will  come from 

A simplified version of an aerospace vehicle is shown in Fig. 1-la and 1-lb. 

It is a composite body consisting of a hemisphere, a section of a cone, and a section 

of a cylinder. Some sections of the body may be coated with a dielectric layer. A 

problem of current interest involves a radiating slot on the cone surface when the 

1 
Chapter references are found at the end of each chapter. 

1 
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vehicle is surrounded by a plasma sheath. W e  would like to find the changes in the 

antenna impedance, in the radiation pattern, and in the absolute gain with the onset 

of the plasma sheath. The plasma sheath may have an axial slot. The plasma slot 

may be displaced circumferentially from the cone slot. The arrangement of the 

various layers and the slots a re  shown in the cross  section drawing, Fig. 1-lb. 

It is clear that the configuration of this simple aerospace vehicle is such 

that the vector wave equation is not separable, and therefore the theoretical treat- 

ment of the antenna problem is extremely difficult. It appears that one approach to 

this problem should be that of first solving an appropriate canonical antenna problem 

and then extending the results of this analysis, using some physical insight and per- 

haps an experiment, to the vehicle shapes of interest. For the canonical problem 

it is advisable to choose the cylindrical geometry where the possibilities of a solutio1 

a re  favorable. The cross  section view of the cylinder antenna would be the same as  

in Fig. 1-lb. A narrow axial slot of infinite length is cut in a perfectly conducting, 

infinitely long cylinder that is enclosed by a uniform dielectric layer. On the surfacc 

of the dielectric layer is a uniform plasma sheath. A narrow axial slot of infinite 

length is maintained in the plasma sheath. The slot of the plasma sheath may be 

above the cylinder slot, or  displaced circumferentially from it. It i s  proposed that 

for a given tangential electric field in the cylinder slot the solution of the electro- 

magnetic boundary value problem be obtained. In the f i rs t  attack on this problem we 

consider a limiting case of some interest. When the plasma layer is then compared 

3 
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fectly conducting shell. This reduces the configuration to a two-region problem. 

Furthermore, we take the dielectric under the shell to be the same as  outside the 

shell. This problem has been formulated in Chapter II as  a Fredholm integral equa- 

tion of the first kind. It has been solved for the case of the narrow slot, and from 

this solution we derive the effect of the slotted shell on the radiation properties of 

the cylinder antenna. The cylinder diameters considered range from a small fraction 

of the wavelength to 1.8/ a wavelength. The spacing between the cylinder and the 

shell is a smal l  fraction of the wavelength. The principal conclusion is that opening 

a slot in the shell re-establishes the cylinder antenna radiation, except for certain 

angular separations of the cylinder slot from the shell slot. For details one should 

refer to the radiation curves in Chapter 11. 

In Chapter III we have an interesting new approach to the solution of the 

Fredholm integral equation that appeared in the previous chapter. The approach is 

to construct a solution to the Fredholm integral equation from a solution of a 

singular integral equation. The singular integral equation is derived by differen- 

tiating both sides of the Fredholm integral equation of the first  kind. We hope that 

this solution wil l  be of considerable value, especially for the discussion of the wide 

shell slot, in the future. 

In Chapter IV we discuss a more general problem than those of 11 and III. 

We consider the impedance of a small slot excited by a co-axial transmission line 

I 4 
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md backed by a cavity. Using the Energy Theorem we express the impedance in 

;erms of certain integrals over the electromagnetic fields. From this analysis it 

ippears that the antenna will be least unfavorably affected by the plasma sheath when 

it is tuned primarily by internal resonances, and the electric reactive energy is 

rept at a minimum on the antenna surfaces, It is doubtful if making the cavity lossy 

done would be a desirable feature in devising plasma-proof antennas. 

In Chapter V we discuss some suggestions for future work. 



* 

T H E  U N I V E R S I T Y  O F  M I C H I G A N  

5825-1-F 

REFERENCES FOR CHAPTER I 

Cuddihy, W. F., I. E. Beckwith and L. C. Schroeder (1963), "RAM B-2 Flight Test 
of A Method for Reducing Radio Attenuation During Hypersonic Re-entry, 
NASA Report No. NASA-TM-X-902, October, 1963 (CONFIDENTIAL). 

Ellis, C. E. Jr. (1962), Proceedings of the Second Symposium on the Plasma 
Sheath, Boston, Mass. (SECRET) 10-12 April. 

Huber, P. W. and C. H. Nelson (1962), "Plasma Frequency and Radio Attenuation," 
NASA -University Conference on Science and Technology of Space Exploration, 
Chicapo, November 1-3, Vol. 2, pp. 347-360. 

Rotman, W. and G. Meltz (1961), Electromagnetic Effects of Re-entry, 
Pergamon Press, New York. 

6 



T H E  U N I V E R S I T Y  O F  M I C H I G A N  

5825-1-F 

II. RADIATION OF AN ELEMENTARY CYLINDER ANTENNA THROUGH A SLOTTEI 
ENCLOSURE. A.  Olk  

2.1 Introduction 

In this chapter we treat  the radiation problems of a cylinder antenna shrouded 

by a concentric axially sloted shell. The source of the cylinder antenna is an infinite 

axial slot uniformly excited, with the electric field in the circumferential direction. 

In the following five sections we present the analyses of the problem. 

In the first  section we reduce the boundary value problem of the antenna by 

employing a conventional se r ies  representation of the fields to a Fredholm integral 

equation of the first kind. The integral equation uniquely determines the tangential 

electric field of the slotted shell for the given source on the cylinder surface. The 

kernel of the integral equation is complex, non-Hermitian, and has a logarithmic 

singularity. 

In the second section we briefly discuss the physical aspects of a singular 

integral equation which follows by differentiation of the Fredholm integral equation of 

the first kind. Hayashi was  the first to derive the singular integral equation in a 

similar problem. This is discussed in detail in Chapter 111 of this report. 

In the third section we report a solution of the Fredholm integral equation for 

the case of a narrow shell slot. Recognizing that in a narrow slot the field distribu- 

tion is dominated by the edge singularity we are  led to a slot field representation by 

a Fourier se r ies  of a kind where the first term is the dominant one. 

already been applied by Morse and Feshbach (1953) in discussing the scattering of 

This idea has 

7 
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I 

an electromagnetic wave normally incident on an axially slotted, perfectly conducting 

cylindrical shell. 

In the fourth section of this chapter we report the numerical calculations 

which are  based on the above solution of the Fredholm integral equation. The pur- 

pose of the calculations is to exhibit the influence of the slotted shell on the radiation 

of the cylinder antenna. The cylinder diameters considered are, in wavelength, 

from 0.2/7r to 1.8/7r. The radial spacings between the cylinder and the shell a re  

O . l / r ,  0. 05/a, and 0.025/r.  It will be obvious that for the parameter values con- 

sidered the slotted shell does not significantly modify the form of the cylinder an- 

tenna radiation pattern. However, the pattern is rotated by the angle between the 

source on the cylinder surface and the shell slot, although for the cylinder 

diameters considered the radiation is nearly omnidirectional anyway. Even for the 

largest diameter antenna considered the radiation field is omnidirectional to within 

+25 - percent (Wait, 1959). Therefore, we have chosen to report the ratio of the 

radiated power with the slotted shell and without it, as a function of the source and 

the shell slot separation angle. 

In the fifth section of this chapter we discuss the accuracy of the approximate 

solution of the integral equation, and the e r ro r  reflected in the power radiated. We 

also discuss some of the physical implications of the solution. 

In the last section we briefly discuss and summarize the main features of 

the results. The slotted shell  prevents radiation only for certain parameter 

i 
8 
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Zombinations; for most others, the radiation remains the same and for some it is 

3ven enhanced. 

1.2 Reduction of the Boundary Value Problem to a Fredholm Integral Equation of 
the Firs t  K i y A  

We consider a wedge waveguide of width 28 feeding in the lowest order 
0 

xansverse electric mode a perfectly conducting circular cylinder of radius a, as 

shown in Fig. 2 -1. The cylinder is concentrically shrouded by a vanishingly thin 

ierfectly conducting shell of radius b. The shell has an axial slot of width 2$ e The 

:enter -to-center circumferential displacement of the shell slot and the cylinder slot 

LS indicated by the angle 8 .  We employ a right-hand circular cylindrical coordinate 

system (r, 6, z) for which $ is measured counter-clockwise from the center of the 

shell slot and z is along the axis of the cylinder. The constitutive parameters E and 

L are assumed to be real. The rational MKS system of units is used and the time 

iependence of e 

0 

jut is implied for all field quantities. 

We have a two-dimensional problem, since both the antenna structure and the 

source is independent of z. Furthermore, it is a three region problem: 

r( a; a,<r<b; r>b. For this particular study we limit i t  to a two region problem 

)y considering the tangential electric field of the cylinder slot as given. W e  set  out 

;o find the fields in the coaxial region and in the free space. The fields are given 

Stratton, 1941) in a series form. 

For a< r >/ b 

9 
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and for r >/ b 

H = 2 k2A H ( 2 ) ( k r ) e  -jn6 
z n n  n = - m  

m 
-jnb E = -  A (kr) e , 

r r n n  n = - m  

(2.4) 

as given and we seek to find 

E (b, $ )  =E(fl) ,  - g o <  b 6 8,. b 
We require that 

11 
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=f($) ,e -eo<$.@+e -jnB jwpk  2 /I3 n n  J' (ka)+C n n  N' (ka) 
0 n=-oo 

(2.9) 
=o, fl <$<2.-$ . 

0' 0 

Because of the orthogonality of the circular functions we obtain from (2.71, (2.8) 

and (2.9) respectively 

0 
(kb)+C n n  N' (kb) ]27r =jo E($') ejng'd$' 

-80 

e + e  
0 

Bn Jh (ka)+C N' (ka) 2 r  = ) f(rl)ejnqdq 
n n  

e -e  
0 

16, 

(2.10) 

where 6' and rl are  dummy variables of integration. From (2.10) and (2.11) 

we obtain 

12 
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0 

J-8, 

0 

j21w p k D (ka, kb) C = -J' (kb) r f(r))ejn'd' n n n 
J e -e 

0 

(2.13) 

(2.14) 

where 

Ne  observe that (2.12), (2.13) and (2.14) give u s  the Fourier coefficients of the 

Belds for both regions once the electric slot fields are  known. However, we do not 

mow the shell slot field. We seek to find it by enforcing the remaining boundary con 

lition: the continuity of the tangential magnetic field through the shell slot, i.e. 

(2.16) 

13 
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Be eliminate the coefficients in (2.16), and after factoring and transposing of 

erms obtain 

- -2 
n=-a3  

- P o d  <bo (2.17: 

nterchanging integration with summation on the left hand side we obtain an integral 

!quation of the form 

'0 

vhere 

-jnP I '  0 
e +e 

n = - a ,  e -e g(8, $ )  =R [ D (ka, kb) f(r7)ejnqdr7 e 

0 

(2.18 

:t is clear that (2.18) is a Fredholm integral equation of the first  kind witll a 

:omplex non-Hermitian kernel, i. e. 

K(f", 6 )  # Kat(@, f'). (2.19 

14 
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The kernel has also a logarithmic singularity. Interchanging integration with sum- 

mation in the representation of the known function, we have 

(2.20) 

where 

(a) The kernel K (q, $)  is a continuous function of q and p.  We see that the known 

function of the integral equation (2.18) is obtained by transforming the electric field 

of the cylinder slot according to (2.20). We may further s i m p l e  the two kernels 

by observing that 

D (ka,kb) = D (ka, kb) 
-n n 

and introducing a factor E such that 
n 

E = l , n = O  

E = 2 , n = 1 , 2 , 3  , . . .  . 
n 

n 

We have then 

15 
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(2.21) 

(2.22) 

We have reduced the boundary value problem to a Fredholm integral equation 

if the first kind with a non-Hermatian kernel. This is a unique statement of the 

iriginal problem and no additional conditions need be imposed. 

2.3 The Appearance of the Singular Integral Equation 

It is well known that the normal component of the electric field must be con- 

;inuous through an aperture. It is also well  known that the continuity of the tangen- 

;ial magnetic field through the aperture automatically insures the continuity of the 

iormal electrical field component a s  well. The reverse, however, is not true and 

;herefore the continuity of the normal component of the electric field through the 

xperture is necessary, but not sufficient for a boundary condition. The continuity 

Zondition of the normal component of the electric field through the shell aperture in 

i u r  case corresponds to differentiating the Fredholm integral equation of the first  

cind with respect to b .  We obtain 

b e + e  

16 
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where the primes indicate that the kernels are to be differentiated with respect to $. 

The integral of this type in a similar problem was first  obtained by Hayashi (see 

Chapter I11 of this report). The singularity of the  kernel K(@', $ >  by differentiation 

has been increased to a Cauchy type singularity and therefore we have to take the 

integral in the principal value sense which we explicityly indicate by P in front of 

the integration sign. Whereas the Fredholm integral equation exists as $ +i-@ , 

(2.23) does not and we restrict  fl to the open interval -$ < @ <fl . The kernel 

da) ' (q ,  @ ) is continuous and the right hand side of (2.23) exists even as  O++@ 

Evidently the Cauchy integral equation for this particular problem admits a set of 

solutions. Somehow one has to choose a solution that satisfies the Fredholm 

integral equation. One may possibly choose from the set  a solution that satisfies the 

wel l  known condition of the edge singularity a t  $ = i f lo.  This solution is a sum of a 

certain particular integral and a certain general solution of the homogeneous equatioi 

of (2.23), both parts satisfying the edge singularity condition independent of each 

other. The amplitude of the general solution of the homogeneous equation clearly re, 

mains arbitrary. If finding the proper amplitude of this part of the solution gives u s  

the unique slot field, then it may be determined by substituting the total solution in 

the Fredholm integral equation. These appear to be the physical aspects of the 

singular integral equation method used by Hayashi in constructing a formal solution 

to a similar boundary value problem in the subsequent chapter. 

0 

0 0 

0. - 

17 
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!.4 Solution of the Fredholm Integral Equation for the Case of a Narrow Slot. 

The Fredholm integral equation of the f i rs t  kind (2.18) was derived for the 

:ylinder slot of arbitrary width 28 

3ssential features by letting 8 +O, because then we can let the slot field assume a 

We simplify the problem, but retain its 
0. 

0 

i -function distribution, i. e. 

vhere V is the slot voltage. a 

(2.24) 

In this case then 

(2.25) 

From (2.21) and (2.22) we observe that K($', $ )  and K(a)(8, $ )  may be divided into 

2ven and odd parts with respect to both variables, i.e. 

K($', fi) = K e (b', $>+KO($', $ 1  (2.26) 

Nhere 

18 
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(2.26-b) 

(2.27-a) 

(2.2 7-b) 

since the unknown slot field may also be represented by an even and an odd part, we 

lave 

E(g) = E @ ) +  E ($) (2.28) e 0 

md the Fredholm integral equation becomes 

Ne observe that the first  integral is an even function in fl, while the second integral 

is an odd function, therefore we have that 

(2.30) 
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equations of the same kind. The first one determines the even part of the shell slot 

field and the second one, the odd part. Stating the problem in this form means that 

we invert two small matrices instead of one large one in order to obtain the same 

accuracy in the solution. 

Electromagnetic fields cannot have large spatial variations over distances 

that are small compared to the wavelength, except in the vicinity of the sources, at 

the discontinuities in the medium constitutive parameters, and at sharp conducting 

edges. The slot field of a narrow slot is therefore dominated by the edge singularity, 

We  separate th is  out in the first term of a Fourier representation of the even and odd 

parts of the slot field, i.e. 

(2.32) 

I and 

(2.33) 

We are guided in selecting these particular forms of the field singularities by 

the work of Sommerfeld (1964) and Millar (1960) on the diffraction by an infinite slit 

in a vanishingly thin perfectly conducting plane screen. 

The left-hand side of the integral equation (2.30) takes on the form 

I 20 
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For the first term we have after using the ser ies  representation for the kernel and 

by interchanging summation with integration 

H(2)'(ka) J (ng ) 
0 0  n 

0 n = o  nH(2)'(ka) n n 

cos(n8). D (ka, kb) 
a 

Interchanging integration with summation in the second term we have to evaluate 

which after using the ser ies  expansion for the kernel and again interchanging inte- 

gration with summation becomes 

2 1  
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3y this the integral equation (2.30) has been converted into the form 

- V  1 K(a)(O,$) . 
a a e  

Integrating (2.34) term by term on the interval -fJ < fJ < $ we have 
0 0 

E sin(nfJ o)  
1 n COS (ne). 
a a  n = o  9 D n (ka,kb) 

0 

(2.34) 

(2.35) 

Multiplying (2.34) by cos (mr@/ 6,) and integrating term by term on the same 

interval we have 

22 
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Turning to the derivation of the odd part of the slot field, we observe that the 

left hand side of the integral equation (2.31), after the substitution of(2.33) becomes 

Representing the kernel by the series (2.26-b), interchanging summation 

with integration and integrating once by parts the first term becomes 

and the second term after interchanging summation with integration twice becomes 

a3 a3 

sin(nfl) . (2)' (ka) 
4 d ,  bq 

q = 2  n = 1 ["n H(2)'(kb) n Dn(kaJ kb) (qaf-(nbO) 

The integral equation (2.31) now takes on the form 

1 24 
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2 (2 )I( ka) 

bl 2 n = l  [y2)1(kb) n Dn(ka,kb) 

sin(n8) = 
1 q + l  q e , F i r ( k a )  

4f10 q = 2  n = l  H (kb) n n 

- 1 v da) (e ,@)  . (2.38) 

Multiplying (2.38) by sin(mr$ / fl ) and integrating on the interval -8, <f l  <flowe 

a a o  

0 

obtain an infinite set  of algebraic equations. We summarize them in the matrix 

form as 

(2 .39)  
1 

where 

hb' = - 48, 2 H(2)1(ka) n 

h = 48 (-1) q + l  2 H(2)'(ka) n 

0 

ml ?T n = l  H(2)'(kb) D n (ka,kb) 
n 

2 
q r  sin (ngo) 1 

n mq 0 n = l  H(2)1(kb) 
L 

n 

s in (n6)  , m 3  1 .  2 

sin (n$ ) 

2 
0 

(mr) -<nb 
0 

25 - 
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We have reduced the problem of finding the shell slot electric field to an 

inversion of two complex matrices. By the inclusion of the edge singularity in the 

first  term for each part of the slot field we have enhanced the first  column at  the 

expense of the rest  of the matrix. The enhancement is particularly large for a 

narrow slot. Thus the problem has been set  up in a way so a s  to lead to the narrow 

slot approximation. However, before we delve into the numerical details, we should 

indicate the physical quantities we want to find. 

We are  interested in the narrow slot antennas. Further, we restrict  the 

radial separation of the shell from the cylinder to a small fraction of the wavelength 

A, i. e. kb-ka < < 1. Under these conditions the form of the radiation pattern of the 

cylinder with the shell wi l l  be essentially the same as for the cylinder alone. 

However, the power radiated into the free space will  depend most probably on the 

orientation of the shell. Therefore we want to show how the radiated power depends 

on the slot field in the next few paragraphs. 

The power radiated per unit length by the shell slot is given by 

E x H  a rdjd P = -  2 e  1 R SZr - *  - 
r 

0 
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When k r  > > 1 and n <<kr, we may represent the Hankel function and its derivative, 

respectively, by 

- j k r -  T d  1+2n 

H ( 2 ) o " ' / z  n e (2.41) 

(2.42) 

and taking the limit of the general term of the series as r j 00, before we perform 

the summation on n, we obtain the exact result 

a0 2 *  
P =  2 w p k A A  

n n *  n=-oo 

Using (2.12) we rewrite this as 
n 

(2.43) 

(2.44) 
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We define the voltage of the slotted shell as 

V b s b  5”” 
-60 

and it follows that 

Vb = ba . 
0 

The ratio of equation (2.46) and (2.47) we may write as 

(2.49) 

(2.50) 

where 

For further discussion we elect to keep V = a volts, whether o r  not the cylinder 

is enclosed by the shell. Then (2.50) takes the form 

a 

(2.50-a) 

and a we regard as a dimensionless quantity. The last formula gives the enhance- 

ment (or depression) of radiation when the cylinder is enclosed by the shell. Aside 

€rom the essentially geometric factor F, all depends on the amplitude of the a 

0 

0 

term in the shell slot field expression. 
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Since Maxwell's equations a re  linear the result (2.50) is independent of the 

implitude of the source voltage V * thus the right hand sides of (2.50) and (2.50a) 

must be equal, and we obtain 

a, 

p- a 

The last 

kb = -  
ka la0l e 

(2.51 -a) 

€ormula expresses the transformer properties of the shell. We 

may regard (kb/ ka) a as the transformer turns ratio. I 01 

We are fortunate that for a narrow slot the a term is also dominant in the 
0 

dot  field representation. This assertion is expected to hold when 

2bp C < X  

b-a2  2ba 

From (2.37) with the understanding that V = a, we have 

0 

0 

a 

When D (ka, kb) + 0, then (2.53) takes on the particularly simple form 
n 

cos(n6 ) 

J ( n $  ) 

H(2 I' (kb ) 
n a =  

0 0  
H(2)'(ka) n 

(2.52 -a) 

(2.52-b) 

(2. 52-C) 

(2.53) 

(2.53-a) 

The lowest order root of Dl(ka, kb) occurs (Truell, 1943) when kb--"2-kaJ ka 4 1, 

that is, when the mean circumference is approximately equal to the wavelength. Thc 
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owest order root of DZ(ka,kb) occurs when kb N 4-ka, ka 4 2. Of particular 

nterest are  also the roots of D (ka,kb), because then a does not depend on the 

ingle 8. We list the lowest order root of Do(ka, kb) (Jahnke, Emde, Losch, 1960) 

'or some parameter values of possible interest in Table 11-1. 

0 0 

TAELE 11-1; Parameters for Lowest Order Root 
of DJka, kb) 

ka kb/ ka 
31.427 1.1 
15.7275 1.2 
10.4993 1.3 
7.8875 1.4 
6.2702 1.5 

!.5 The Results 

We are left with the task of computing a . The series expansion of the 
0 

iumerator and denominator of a involve Bessel functions and Neumann functions. 
0 

n view of the intended applications of the results of this study, we restrict the 

.adius of the shell to kb 4 2. 

We use the exact series for computing the cylindrical functions of order 0, 1, 

!, 3, 4 and 5. Recursion relations are  used to compute orders 6 and 7. For orders 

Freater than 7 we use the small argument (Jahnke-Emde-Losch, 1960) approximation 

o obtain 

(2.54-a) 
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)’ (ka) n+  1 
n e(%) 

ka H (2)’(kb) 
. 

n 

(2.54-b) 

We sum 90 terms in the series determining and ,((e). We retain only five 

terms in the F(ka,kb, $ o )  series. The computations were performed on a digital 

computer for the slot width of 0.06 radians, and ka in steps of 0.2 from 0.2 to 1.8, 

for each step, kb-ka 0.05, 0.10, 0.20. W e  elect to present the results in the 

following form. 

00 0 

P(ka, kb, 8 ) 
P(W 

10 log 

we choose as the ordinate and 8 as the abscissa in Figures 2-2 through 2-10. 

A zeroon the ordinate axis means that the source radiates the same amount 

of power into the free space with and without the slotted shell. A negative number, 

say -20, means that introduction of the slotted shell decreases the radiated power 

to one hundredth of the previous value, while +20 means that the radiated power 

is increased by a factor on one hundred. The origin on the ordinate axis (8  =O ) 

means that the cylinder slot is under the shell slot, and +,e = 180 means that 

the slots are on the opposite sides of the cylinder. The radiation curves are even 

functions in 8. 

0 

0 
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Al l  along we assume that the source amplitude on the cylinder remains un- 

changed, i.e. the voltage of the cylinder slot remains at 'at volts. Thus these 

calculations do not include the de-tuning of the antenna that must arise in most 

cases when it is surrounded by a perfectly conducting slotted shell. However, these 

calculations do show the effect. the slotted shell has on the coupling between the line 

source of the cylindrical antenna and the radiation field in the free space. 

In Fig. 2-2, the antenna diameter is o.l h (ka = 0.2), where h is the free 

space wavelength. Enclosing this antenna by the slotted shell increases the radiated 

power, the bigger the separation between the antenna and the shell, the more 

radiation we get, which is only weakly dependent on the source and the slot 

separation angle 8. For kb-ka 0.05, 0.10, 0.20 the radiated power is increased by 

3, 7.5 and 13&, respectively. The maximum increase is when 8 = 180 and the 

minimum when 8 = 0. The difference between maximum and minimum for a given 

kb-ka is only about 2 db. 

7r 

0 

In Fig. 2-3, we have increased the antenna diameter to ka = 0.40 and the 

closer the shell is to the antenna the more radiation we get, which is just the 

opposite situation w e  had when ka = 0.2 in the preceding figure. When kb-ka = 0.05 

the radiation is increased by 11.5db when 8 = 0 ,  and increased to 23.5db when 

8+180°. When we increase kb - ka to 0.10 the radiation very significantly de- 

creases; when 8 = 0 we have only -ldb, however the radiation increases to 13db 

a s  8 increases to 180 . Increasing kb-ka to 0.20 further reduces the radiation; 

0 

0 

0 
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0 0 %t 8 = 0 we have -18db and the radiation increases only to +2db as e a 1 8 0  . 
In Fig. 2-4, we have ka = 0.6 and the farther the shell is from the antenna, 

;he more it depresses the radiation. When kb-ka = 0.05 the radiation is -3db at 8 =0, 

)ut decreases to a deep minimum (the approximation gives zero radiated power, but 

;his is not expected to be true) at 8 = 36 , and from then rapidly r i ses  to +6db a s  

9 +180° . Increasing kb-ka to 0.10 depresses radiation at  8 = 0' to -5db and the 

0 0 jeep minima moves to 8 = 41 ; as 8+180 the radiation recovers to +2.5db. A s  

cb-ka-0.2 the curve is depressed all along below zero, and the deep minima moves 

Further to the right. 

0 

In Fig. 2-5 the increase of ka to 0.80 has brought, maintaining the same 

xder ,  all three curves closer together, and minima have moved further to the right. 

When 8 = 0 the radiation is a few db below zero; a t  180 either just above or below 

zero. 

0 0 

In Fig. 2-6 we have ka = 1.0. The minima have moved farther to the right 

xnd for the three curves occur between 90 and 100 . The order of the curves has 

3een reversed: the larger the kb-ka value, the more radiation we get into the 

€ree space. At  8 = 0 , and 180 , kb-ka = 0.05 gives 0 db, kb-ka = 0.10 gives 

+ 0.5 db and kb-ka = 0.20 gives 2 db. 

0 0 

0 0 

0 
In Fig. 2-7 we have ka=1.2 and the minima are  occurring between 105 

and 115'. The curve ordering remains the same as  in the preceding figure, but 

the radiation is enhanced for most 8 angles, especially so for kb-ka = 0.20. For 
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0 
this curve the radiation at 8 = 0' and 180 is +13db and +16db, respectively. 

In Fig. 2-8 w e  have increased the antenna radius to ka = 1.4, and the 

minimas now occur between 115 and 120 . The curves have started to reverse the 

order. The kb-ka=0.20 curve has dropped about 15db below the other curves and 

0 0 

is approximately where the other two curves were in the preceding figure. For the 

high curves the maximum radiation is 18 db. A l l  three curves show a second 

minimum starting to form at e = 0'. 

In Fig. 2-9 we have increased ka to 1.6, and the reversal of the curve order 

has  been completed, i.e. increased kb-ka decreases the radiation. Also two sets of 

minima have formed: the new se t  is between 10' to 20' and the old set  has moved 

0 0 
to 125 to 130 . The radiation is increased only by 6.5 db at the maximum. 

In Fig. 2-10 we have ka= 1.8, and all three curves have moved very closely 

together. The first minima occur a t  about 33' and the second at about 130 . At 0' 

the radiation is -1db; at 80' and 180°, it is + - 1 db. 

2.6 Discussion 

0 

In the figures presented, we have increased the radius of the cylinder, a, 

in nine equal steps from 0.1/ s X to 0 . 9 / r  k In all nine cases we have shown the 

effect of the slotted shell on the radiation when the radial separation between the 

cylinder and the shell is 0.025/s X, 0.05/s X, and O . l O / r  A. The shell increases 

radiation independently of 8 when a < 0.1 / s X . A very substantial increase in 

radiation is maintained as the radius of the cylinder is increased to 0.2/ s X. A s  a 

is increased to 0.3/s X and beyond, a deep minimum appears in the curves which 
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indicates that for those angles the slotted shell decouples the cylindrical antenna 

from the free space. When a is 0.4/r  k, or  0.5/ m X the slotted shell leaves the 

antenna radiation largely unaffected for extensive ranges of 8 ,  except when the 

slot is in the 90 range from the source where then deep minima occur. A s  a is 

increased to 0.6/7r X the antenna radiation is enhanced, and also becomes sensitive 

to the cylinder and the slotted shell separation distance. The same thing remains 

true a s  a is further increased to 0.7/7r A, except that a new minimum appears to 

form at  8 = 0. A s  a is further increased to 0.8/7r A, both the radiation enhancement 

and the sensitivity of the radiation enhancement on the cylindrical antenna and the 

slotted shell separation markedly decrease for all 8 values. Two deep minima have 

formed as  well. Increasing a further to 0.9/.r h reduces the radiation enhancement 

practically to zero, and the radiation becomes independent of the antenna and the 

slotted shell radial separation. This also occurred at a = 0.5/7r A. This 

phenomenon appears to be associated with the 'resonances' in the coaxial cavity 

formed by the cylindrical antenna and the coaxial shell. The 'resonances' occur 

when D (ka, kb) = 0. For our range of variables the first  'resonance' appears when 

ka-1, the second when ka-2, Le.  aNO. 5 / r  X, and l / 7 r  h, respectively. 

0 

n 

In equation (2.50-a) essentially a geometrical factor relates the radiated 

power per unit length to the square of the amplitude of the a coefficient. This 

factor we denoted by F, and in particular cases considered here, the infinite ser ies  

was approximated by five terms, i.e. 

0 
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-1 

(2.55) 

r 
We plot F(ka, kb, fd ) in Fig. 2-11 for the same ranges of variables as appeared in 

the preceding figures. Since the shell is close to the cylinder in the three cases 

considered we have that the factor F is close to unity when ka > 1. Only for 

ka < 1 Using this 

factor we can very simply obtain the ratio of the slot voltages from the preceding 

figures. From (2.50) we have 

0 

do we have a substantial increase of the factor above unity. 

F(ka, kb, ) . (2.56) 1 
2 

0 
10 log/v 'b 1 = 10 log P(ka, kb, e )  

a 

We notice that in the second term on the right hand side the argument of the 

log is close to unity. Thus for most parameter configurations the Figures 2-2 

through 2-10 give also directly the ratio of the slot voltages as  a function of 8.  

We may add that in this approximation the phase of V is constant between the 

minima, and it suffers a 180 change as  one goes through a minimum. The slot 

voltage phase is given by the phase of 1/ 

from the sign reversal of 

a 
0 

0 and the 180 phase change comes 
00 

on going through the minimum. 
0 

We have presented the approximate solution of the integral equation (2.301, 

and discussed to some extent the physical consequences of this solution. The 

method of approximation suggested itself from the results of the narrow slot in 
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a plane screen. The use of the same leading terms in the slot field representation is 

justified largely on the physical grounds and it leads to the geometrical restrictions 

(2.52). Although we feel the approximation is a good one for the range of parameters 

discussed, a quantitative statement of the slot voltage approximation would be very 

desirable. We may truncate the matrix in(2.37)and invert it. This procedure is 

laborious, the results may not be conclusive a s  to the e r r o r  in any case, and 

particularly s o  when the original approximation is a good one. 

back to the integral equation itself. We rewrite it in the form 

We choose to go 

(2.57) 

When we use the approximate solution, the left hand side of the above equation will 

not be quite zero. This difference we denote by A(e) (b), Le. 

(2.58) 

where the prime on the field indicates that i t  is the approximate solution we have 

obtained, i. e. 

We find that 
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(2.60) 

In Table 11-2 we present some of the calculations from (2.60)for the parameters of 

Figs. 2-2,2-5,2-6 and 2-9. The 1 (6 and the K ( 8 ,  $ )  series have been 

summed to 90 terms, the other two series to 200 terms. The calculations showed 

that the approximate solution (2.59) 'satisfies' the integral equation (2.57) essentiallj 

independent of the angle 8. In the table we have shown how 

Field point coordinate 16. 

and 0.030, i.e. at the slot center, half-way to either end, and at either slot edge. 

(e) (a) 
0 e 

(e) A ($)  depends on the 

We have carried out the computations for 2 $ = 0, 0.015, 

TABLE 11-2: VALUES OF a'"'($) 
(e 1 A for fi = 0.030 

0 
I 1 

ka 

0.40 
0.40 
0.40 
1.0 
1.0 
1.0 
1.2 
1.2 
1.2 
1.8 
1.8 
1.8 

- kb -ka 

0. 05 
0.10 
0.20 
0.05 
0.10 
0.20 
0. 05 
0.10 
0.20 
0.05 
0.10 
0.20 

I k o  
0.030-j0. 013 

-0.015-jO.0045 
-0.01 0-j 0. 001 7 
0.0004-j 0.0000002 
0.001 0-jO.000008 
0.0040-j0.00023 
0.0052 -j 0.00001 
0.0082-jO.00055 
0.024-j0. 041 

-0.006otj 0.00002 7 
-0.0050-jO.000037 
-0.0036 -j 0.0001 

49 

$ = +  0.015 

-O.O63+j 0.032 

- 

O.O37+j 0.0097 
O.O22+j 0.0035 

-0. 0004+j 0.000001 
-0.001 G+j 0.00002 
-O.O077+j 0.0005 
-O.O04+j 0.0002 
-0.013+jO. 0015 
-O.O47+j 0.090 
O.O033+j0. 000085 
0. 004fi+j 0.0001 8 
0. 0053+j 0. 00026 

fi =+ 0.030 1 - 
0.2DtjO. 10 

-0.12-jO.030 
-0.072 -j 0.01 1 
0.0014-j0.000004 
0.005 -j 0.00006 
0.024-jO.0016 
0.017-jO.00067 
0.043-j0.0048 
0.14-j0.27 
0. 013-j0. 00033 

-0. 01 5-jO.000632 
0. 01 7-j0. 00083 
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The approximate solution 'satisfies' the integral equation better at the slot 

center and the worst at the slot edges. Also it appears that the integral equation 

is 'satisfied' better when the radiation is insensitive to the cylinder and the shell 

radial separation, i. e. when we are  closer to some particular co-axial 'resonance' 

than when in between them. 

In order to be able to make a quantitative estimate of the e r r o r  we rewrite 

(2.57) in the form 

Taking the absolute values we have 

Since ( e , $ )  is a real  function we may argue that at the maximum 
e 

and hence 

(2.61 

(2.62) 

(2.63) 

(2.64) 

From Table II-2 and the last formula we compute that the maximum possible e r r o r  

in the slot field is 22 percent for ka = 0.40, 2 . 4  percent for ka = 1.0, 32 percent 

€or ka = 1.2 and 1.7 percent for  ka = 1.8.  For the radiation this corresponds to 

maximum er rors  of 1.7, 0.2, 2 . 4  and 0.16 db, respectively. Thus we feel that the 
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maximum possible e r ro r  in the data plotted with the exception of the radiation 

minima, should be a few tenths of a db when the curves are  close together, and a 

few db when they are  separated, i.e. when we are  far  from a particular co-axial 

resonance. The nature of (2.45) indicates the minima in the radiation coupling curve 

for the slot width considered should be at least 25 db deep. Some further work is 

necessary to establish the depth of the minima. 

We have computed the radiation through the shell for three different shell 

spacings from the cylinder. For the parameters we have selected it would appear 

that bringing the shell closer to the cylinder in most cases gives stronger radiation 

than letting the shell be farther away from the cylinder. However, the type of the 

problems we have does not allow us to extrapolate these results in either direction. 

Further calculations are  necessary to establish this behavior. However, we may 

offer some comments based on simple physical arguments. It would appear that the 

radiation goes to zero as the slotted shell coalesces withthe cylinder for 

$ < 8 < 2a -bo, i. e. the source is not under the shell slot, because then the 

source is enclosed by a perfectly conducting medium which precludes radiation. 

When thesource is under the shell slot <-fl 

have the familiar situation of a source on the perfectly conducting cylinder. These 

comments a re  also supported by some additional calculations for the case of 

Fig. 2 -3 (ka = 0.40). These were done for kb-ka=O. 025, 0.010, 0.005, and the 

radiation was successively reduced as kb-ka was decreased from 0.050. The other 

< 8 < fl ) as b+a, then of course we 
0 0 
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limit, that of increasing kb-ka to infinity for a given ka has no practical significance. 

Increasing kb-ka beyond 0.20 we may expect the radiation alternatively to increase 

and decrease. 

We may also ask the physical question: How does the radiation get out when 

the source is not directly visible through the slot ? In an attempt to read some 

physics into the mathematics we may compute the Fourier coefficient of the E b 
component of the electric field (2.3) in the co-axial space. Taking the cylinder slot 

voltage at la' volts, we have that 

(2.65) 

where the approximate sign enters because we use the narrow slot approximation 

for the shell slot field. The first few coefficients we cannot discuss without some 

numerical computations. However, when ka < 2 and n > > kb, we may use the 

small argument approximation of the cylindrical functions, and obtain 

ka n - 1  ka n + l  k r  n - l ]  jne 
j w p  k b  n n  J' (kr)+C n n  N' (kr]= L { [ ( ~ )  27r - (g) (iz) e 

From (2.65-a) we have that on the cylinder surface 

1 jne 
(ka)+ C N' (ka) e 

n n  1 (2.65-b) 
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and on the shell surface 

jwpk J' (kb) + C N' (kb]=- 1 a J (nfl ). 
n n  n n  2 1  0 0  0 

(2. 65-C) 

It is clear that many coefficients a re  necessary to approximate reasonably well the 

E component in the co-axial space. The same statement applies to the other two 

field components. No Fourier coefficient alone under any conditions dominates the 

field components in the co-axial region, even in the case when for some particular 

coefficient D (ka, kb)+ 0. From this behavior of the Fourier coefficients we may n 

conclude that no simple model may be devised to explain the transfer of power 

through the co-axial region. The power transfer results from the interference of verj  

many Fourier coefficients. 

b 

2.7 Conclusions 

We briefly summarize the salient features of the numerical results of this 

study. With a fixed magnetic line source on the cylinder the addition of a relatively 

close fitting slotted shell: 

1) enhances radiation for all source and shell slot separation angles 8 when 

the cylinder diameter < 0.5/ rX , 

2) leaves radiation roughly unchanged when 0.5/1 X < the cylinder 

0 
diameter < 1.1/ A A, except for a deep minima in the vicinity of 8-2 90 , 

3) enhances radiation when 1.1/ ?T X < the cylinder diameter < 1.5/ ?T X except 

0 
for a deep minima in the vicinity of 8-+_llO , 
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4) leaves radiation roughly unchanged when 1.5/ x X < the cylinder 

0 0 
diameter <2 / T A, except for a deep minima in the vicinity of 8 N+ - 45 , + - 135 . 

The deep minima in case 2) is associated with the lowest root of Dl(ka, kb)=O, 

and in case 4) with the lowest root of D (ka, kb)=O. It appears that radiation wi l l  

have no deep minima when D (ka, kb)=O, or very close to zero. Some of the antenna 

parameters for which this will occur are shown in Table 11-1. 

2 

0 

We also note that the theoretical work on the problem has been carried to the 

point where the numerical calculations can be carried out for wider slots, if we so 

desire. In this particular theoretical work the solution of the Fredholm integral 

equation of the first kind is based on the truncation of two infinite matrices. It 

would appear that this particular method of solving the fundamental integral equation 

of the problem has been put in the most favorable form for carrying out further com- 

mtations. 
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:II. THEORY O F  ELECTROMAGNETIC FLELDS FOR COAXIAL CIRCULAR 
CYLINDERS WITH A SLOT AND MAGNETIC LINE SOURCE. Y. Hayashi 

3.1 Introduction 

In this chapter it is shown how to solve the Maxwell's equations for coaxial 

:ircular cylinders with an axial slot of arbitrary width and an axial magnetic line 

source. This is  a simplified version of the solution for coaxial circular cylinders 

with arbitrary number of slots and arbitrary number of axial electric and magnetic 

line sources (Hayashi, 1964a). 

The result obtained here is exact and rigorous, because it satisfies the 

Maxwell's equations in the domain, the boundary condition on the walls of the 

Zylinders, the radiation condition at infinity, the edge condition at  the edges of the 

dot  and the continuity condition at the slot. The result is also true for any values 

3f wave number and radii of the cylinders. 

First of all, the field is represented by Fourier series with unknown 

coefficients. Then a singular integral equation is derived for the unknown coefficients 

The singular integral equation is solved exactly by the theory developed by the author, 

A s  an example, the interesting case of a narrow slot is presented in a form ready 

For a numerical calculation. 

3.2 Reduction of the Problem to a Singular Integral Equation 

Suppose that the structure of the perfectly conducting cylindrical shells are 

described, in the cylindrical coordinates as follows (Fig. 3-1) 
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FIG. 3-1 

Wall: r =a ,  0 & $ & 2 ~  and r = b,  CY<^ 5 2 r  -CY 

Slot: 

- -  
r = b, -CY < j8 < CY 

Assume that the axial line source is located at  

Q :  r = a, b = bo 

In this case, as is well  known, Maxwell's equations a re  reduced to the two- 

dimensional wave equation, i. e. 

2 
A u + k  u = O  ( 3 . 1 )  

2 2  where u = H = axial magnetic field and k = w E p . The rational MKS units are  

employed and e 

z 
iwt 

time dependence is suppressed throughout. 

The requirements on u = H are  as follows, 
z 

The radiation condition 

The boundary condition 

- =  0 on the wall. (3.3) an 
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The continuity condition, i. e. 

(3.4) d U  
an 

u and - are  continuous through the slot. 

The edge condition 

u = O(p -I/ 2) (3.5) 

vhere p is the distance from an edge of the slot. 

A s  a solution of (3.1) which satisfies (3.2), u is represented a s  
oo 

n=-oo 
oo 

= = (. J ( k r ) +  C H (kr) einb + f H (m), 
i n n  n n  0 

( a <  r < b) (3.6) 

vhere J and H are the Bessel function and the Hankel function of the second kin( 

is an arbitrary source constant, and R is the distance from the source to the poir 

n n 

If observation. 

It is easy to see that (3.3) and (3.4) are  equivalent to 

a U. 
= o  ( r = a, O< fl < 27r) A 1  - 

a r  
(3.7) 

(3.9) 
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u = u  (r = b, -a<@ < CY ) (3.10) e i  

On substituting (3.6) into (3.7) and (3.8) and making use of the orthogonality of 

kino 1, simultaneous linear equations for A B and C are  derived with which 

B and C a re  determined in terms of A as follows, 

n' n n 

n n n 

i 
-H' (kb) 

B =  n FblL., A n +- r k a  n 

'n T,(a,b) [ n n -  n (  n n n n 

n T (a,b) n 

J1 (ka) 
- - n  H' (kb)A f J (ka)H' (kb) - J' (kb)H (ka) 

J' (kb) -- i n 

n 
f 

lrka T (a,b) n 

where 
-in$ 

0 f = f e  n 

T (a, b) = J1 (ka)H' (kb) - J' (kb) H' (ka), 
n n n n n 

and ( I )  means the derivative with respect tothe arguments. 

Eqs. (3.9) turns out, by the substitution of (3.6), to be 

(3.11) 

The upper line of the right hand side of (3.12) is the direct consequence of (3.9), 

while T (@ ) in the lower line is an unknown quantity which is proportional to E 

the slot. 

in b 
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Similarly, f rom (3.1 0), we have 

a3 2' $y:,b) { H 6 ( k a ) A n ' x  i f ]  n = o  - a < $  < a ,  (3.13) 
n = - m  n 

3.12) and (3.13) are  the "Dual ser ies  equations" with respect to A . n 

It is easy to see that (3.12) is equivalent to 

-in0 
~ ( 6 )  e de s 1 

An - Hh(kb) 

L 

(3.14) 

rhere L stands for -a < $ < a. Then the substitution of (3.14) into (3.13) gives 

n 

?here 

hterchanging integration with summation in (3.15) we obtain an integral equation with 

respect to the unknown function T . 3f we solve the integral equation, then A' s are  

jefined by (3.14) in terms of T, B 's and C 's a r e  determined by (3. ll), in terms of 

A 's and finally, u and u. are  obtained by (3.6). It is not difficult to prove that u, 

obtained by this way, satisfies all the requirements (3. l), (3.2), (3.3), (3.4), and 

(3.5) if the solution T has a singularity a t  the edge points, i. e., 

n 

n n 

n e 1 
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-1/ 2 
T = o ( P  ) (3.16) 

Therefore, the original problem is equivalent to solving (3.15) with respect to 7 which 

satisfies edge condition (3.16). 

According to the formulas due to the author (Hayashi, 1964b) the Bessel and 

ankel functions are  represented as  follows: I 
n+ 1 

[ l + h L ]  (3.17) 

4n 

n 

here j 

ositive number N which is sufficiently large, S is estimated, when n > N, as  

jh , h and h' a r e  proved to be quantities of orderL . Hence, for a n' n n I n 

2 
bhe re  sn is of order p / 4n. For negative n (3.18) is also true, because we can 

prove that S -n = S n with the help of well-known formulas J n = (-1)"J -n ,Hn =(-l)nH -n 

J' =(-I) J' and" =(-1)"H' 
n . n n n -n 

By virtue of (3.18) and the formula I m 

1 e # o  
n = l  

andinterchanging integration with summation, (3.15) is converted into S 7 ( e )  N(g,e)de = f<$)  (3.19) 
L 
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N 1 2 s  
(3.20) 

Differentiating (3.19) with respect to f!J we have 

r\ 

s ine  3, 7 @ )  (k - 2 - 2  cos0 

rhe re 

r - I  N 

(3.22) 

Zquation (3.21) is a singular integral equation with a Cauchy kernel. We will solve 

t in the following section by the application of the general theory on the singular 

ntegral equations developed by the author. 

;. 3 Solution of the Singular Integral Equation 

Suppose that z = r eie is a point in the complex z-plane, then 

:orrespond to points on L, i. e. , in the slot, and 

a -a 
c = b e ,  c = b e  1 -1 

:orrespond to the edge points of the slot. 

rhen it is not difficult to see that (3.21) is equivalent to 

(3.23) 

(3.24) 
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1 
0 2 vhere T (t) and h (t ) are  functions which correspond to in& ) and - f'($ ) 

espectively under the transformation (3.23). k(t 

(fi, 0 ) a n d i s  

t) is a kernel corresponding to 
0, 

tn 
(3.25) 0 k -  n n + l  c t 

k(t , t) = 
0 

n = - N  

rhere 

k =  n 
n =  0 1 

2 
- 

The solution d t )  of (3.24) must have, because of (3.16), a singularity at 

that is 
!+ 1' - 

(3.26) 

Suppose that M is a se t  of functions, the element $ (z) of which satisfies 

he following conditions (i)-(v), 

(i) @(z) is holornorphic in z-plane, except on L, a t  0 and a: 
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(v) IC, +(t  )+IC, -(t ) = h(toL to E L 
0 0 

!here @+(t  (IC, -(t i) means the limiting value of IC,(z) when z tends to a point 

from the left (right) hand side of L. Then we can see (Muskhelishvili, 1953a: 

0 0 

EL 
1 

iat a function defined by 

atisfies ( i ) d ( v ) ,  if T is a solution of (3.24) which satisfies the requirement (3.26) 

krthermore,  we have, 

In the other hand, it is not difficult to see that the general expression of a 

unction IC, (z) which satisfies (i)-(v) is given by 

vhere pn(n = - N, . . . , N+ 1) are constants, X(z,  t) is a function similar to k(z, t)  

Jhich wil l  be determined later, and 

Thus we have found that a solution T of (3.24) exists among these functions de- 

fined by 

)r 
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where 

Conversely, on substituting (3.28) into (3.24), we have (Muskhelishvili, 1953k 

k~~ =Kh  (3.29) 
A 

Yvhere 

3ecause (3.29) is of the same form as (3.24), we can see that T~ is given by 

1 2 2 2 

ve have 

r = A XK h + T where T is again a solution of A kT = K 2 h. Repeating this process, 

~ r n  
T = h K  h + T m + l  

m (3.31) 

m 
vhere K 

tddition of (3.31) from m = 0 to m = m, we have 

is an operator with k-th iterated kernel K (t , t) of K(t , t). By the 
0 m o  

n 
3 X is chosen s o  that K < 1, then 2 K h converges, and, because we have 

n = o  
II II 
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n 
lim K h = 0 as the necessary condition for the convergence, then 
n+a, 

( 0) 
7 lim 7 must be a solution of n 

Thus we have obtained the solution of (3.24), that is 

(3.33) 

Especially, i f  K = 0, then (3.33) is reduced to 

7 ( O )  has the same form as (3.28), i.e. 

N +  1 
n 

) x( t  ) pn to 0 0 
(3.351 

n = - N  

must be a solution of (3.32). In other words, p (n = -N, . . . , N +  1) must be de- 

termined so that (3.35) satisfies (3.32). On substituting (3.35) into (3.321, we have 

n 

N +  1 N + l  

n = - N  L n = - N  L 

which is the necessary and sufficient condition for p 
n 

(3.32). After manipulations, we can reduce (3.36) to 

with which (3.35) satisfies 
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N+ 1 

n = - N  n = m  
P = -  E Y m - n  p ,  - N < m ( - l  - -  

N+ 1 N t i  

n = - N  n = m + l  
P = -  6 m - n n  p OLm(N - - (3.37) 

where 

dt 
1 n - m - 1  

CY = - \ x(t)t n - m  a i  
4 
L 

and are constants defined by "m -n 
and 6 m -n  

x(z)z = 
m 

m - n  z 1z I<b .  
m = n  

(3.38) 

(3.39) 

(3.37) are 2 N  + 1 conditions for 2N + 2 constants p (n -N, . . . , N+1) which are  

equivalent to (3.36). Thus, p (n=-N, . . . N+1) are determined up to a constant 

n 

n 

Factor. 

3.4 A Note On Solution of Non-Singular Integral Equations 

Although we have solved (3.241, o r  (3.21) a solution of (3.21) does not 

necessarily satisfy the original equation (3.19) because (3.31) has been derived by 

the differentiation of (3.19) with respect to @. However, we can pick the unique 

solution of (3.19) from the general solution of (3.21), by taking appropriate values of 
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(n = -N . . . , N +  1). This will  be discussed in the following. n 1' 

Suppose that a set  of satisfies (3.37), then 

in 8 N +  1 

n = - N  
7 ( O )  = x ( e )  >: c n e 

where 

I L 

where NT($, 0 )  is the kernel in the left hand side of (3.21). Furthermore, 

T ( e )  = ( e )  + T ( O ) ( e )  
P 

A 
where T ( 6 )  is the particular solution X f, satisfies (3.21), or  

P 

(3.40) 

(3.41 

(3.42) 

From (3.41) and (3.42), we have r 
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, on integrating the last equation with respect to $, we have 

7 (8)N($,e)de =f($)-g 
P L 

!ere g is a known constant. On the other hand, (3.41) turns out to be 

iere p is a known constant corresponding to particular values of p . n l  
0 

If we change {pn]by {F pn], o r  what is the same thing, 

(0) iii $0). then 
by P we change T 

(3.43) 

+ g 7(0) satisfies (3.19). In fact, 
P P  

5 Electromagnetic Field for a Narrow Slot 

A s  an example of the application of the general theory obtained in the previous 

ections, we will solve the field of a narrow slot. We assume that the slot is narrow 

2 I the sense that 
cy <<1  (3.44) 

nd also that Iq, pp. (3.45) 
2 

hen, s which is of the order (kb) / 4n, is negligible for n & 2. Hence, we can 
nJ 

ssume that N = 1, and we have 
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+ s sin 8 , 1 +ie-i8 [ s i n e  
t - t  0 b 2 - 2  COS e 1 - k( t  , t) = 1 

0 

,here 8 = fl -8. Because [el =I fl = 8  I Q 12crl<l,  

in@ and cos@ can be expanded in power series with respect to e, and we have 

(3.46) i 2 
1 -k(t , t)(t - t  ) I + ?  (g - 8 )  +O(CY ), 

0 0 -  

2 I s1 I is so large that I s1 I CY - 1, then we have to take one more term in 

2 
3.46). Here, we have assumed that I s1 I CY < 11 

On taking X (t , t) to be equal to k(to, t), one has 
0 

K(to, t) = 1 1 x(c ){ e !to -&-]g(to, t, c )de 3 

7l x(t)(t-to) 
L 

g(t s l - k ( t  3 b ) ( C - t  ) l - k ( c , t ) ( t - P )  
0 i o  0 II 1 

lhere 

By virtue of (3.46) , we have 

i 2 
2 g(to, t, e )  = I + -  ( p - e ) + o ( ~  ) 

2 
rhich is independent of if we neglect terms of O(cu ). Hence, K(t , t)  will be 

0 
g(to, t) 

7l x(t)(t-to) 
K(to, t) = dg = O  P -to c - t  

rhere g(to, t)=g(t , t, C 1. 
0 

2 
Thus we have proved, under the assumptions (3.44), (3.45) and O(CY )=O, that 

((t , t) = 0. Therefore, by virtue of (3.34), the solution T of (3.21), or  the tangen- 

ial component of the electric field E in the slot is obtained a s  

0 
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J 
-CY 

3.47) is rewritten, by virtue of 

2 n+ 1 -ir(kb) a - n (b 1 
1 

T (a,b) n 

S 

J 
-CY 

(3.47) 

(3.48) 

(3.49) 

1 There x( 8 ) = 
b e  io J,2_82' 

L N O ~  that if (3.48) is not true for n = 1, then the first  term of (3.49) should be 

1 o di f ie dd  

In (3.47), o r  (3.49), is determined by the following conditions 
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klCY-2p-1+klQ-1 p 0 + k  1 Q 0 p 1 + ( k l ~ 1 + P - 1 ) ~ 2  = O  

T H E  U N I V E R S I T Y  O F  M I C H I G A N  

(3.50) 

?here 

Q 
n 

With the knowledge of the distribution of E in the slot obtained by e 
ields are given by (3.14), (3.11) and (3.6). 

3.49), the 
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Iv. CONSIDERATION O F  ENERGY STORAGE AND DISSIPATION IN A CAVITY 
BACKED SLOT ANTENNA AS IT AFFECTS INPUT IMPEDANCE AND 
RADIATION POWER . A. Olte 

4.1 Introduction 

In this chapter w e  consider the interaction of a cavity backed slot antenna wil 

the plasma sheath. The slot is small with respect to the wavelength and hence the 

antenna is very narrow band. With the onset of the over-dense plasma sheath, the 

antenna becomes detuned and this in addition to the usual overdense plasma inter- 

ference with the radio waves strongly limits transmission. One could broad-band 

the antenna at the expense of the antenna's efficiency by introducing losses in the 

cavity. Would this help in maintaining transmissions with the onset of the plasma 

sheath? Can w e  in  any other way limit the undesirable influence of the plasma 

sheath? We undertook this study in an attempt to search out and define some 

favorable modes of interaction. This work is reported in four sections. In the 

first section we  derive energy theorem for the cavity backed slot antenna. In the 

second section we use the energy theorem to express the antenna impedance in tern: 

of certain integrals. In the third section we derive expressions for the antenna 

impedance with and without the plasma sheath both for the loss-less and the lossy 

cavity. In the fourth section we discuss and compare these expressions. The 

cavity losses do not appear to play any useful role. It appears that the plasma shea 

interference w i l l  be kept a t  a minimum if the antenna resonance does not depend on 

the outside reactive fields, and if thereactivefields on the antenna surfaces are  of t 
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iagnetic type. To the extent these conditions can be brought about by inside tuning 

i of continuing interest. 

.2 The Energy Theorem 

We consider antenna structure as shown in Figure 4-1. A cavity is cut in a 

srfectly conducting body of a finite size, The cavity is connected to the free space 

y a slot which is center-fed by a co-axial line. We select the input terminals of the 

ntenna at a reference plane A in the co-axial line. The volume of the co-axid 

ne from the reference plane A to the opening at the slot we denote by V1, the 

lavity volume by V 

y the plasma surface and the geometrical surface S is denoted by V4. The 

Alowing electromagnetic parameters are assumed for the respective volumes: 

and the plasma volume by V 
2' 3- 

The free space volume bounded 

4 

vl: E (real), p 1 0 

We have that 

f light in vacuum. 

v4: 4 = o l p o  

€0 = 2 0 

-7 , where p = h x 10 and c is the velocit 
1 

"0 
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W e  start our analysis with the vector identity 
.L *,- :; - -  * 

V -  <E x ii ) = H  * V  X E - E = V X H ,  (4.1) 
- - 

where E and H are the complex amplitudes of the electric and magnetic 

jut 
fields, respectively. The time dependence is taken as e . Assuming that no 

sources a re  present in the regions enumerated, o r  on their boundaries, we obtain 

from (4.1) after substituting the appropriate Maxwell's equations, 

W e  multiply Eq. (4.2) by the differential volume dv and integrate in each region. We 

add the results together for the four regions. After transforming the left hand side by 

the Divergence Theorem, only two surface integrals remain. The others either van- 

ish or  cancel each other because of the usual  electro-magnetic boundary conditions. 

The end result of this operation is 

- 
where n is the outward normal and the superscripts identify the fields of the 

respective regions as shown in Figure 4-1. 

is 'r' The time average power radiated by the antenna, 

?? 
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n 

(4.4) 

When the surface S4 is sufficiently far removed from the antenna, then the 

power flow is radially outward and the electromagnetic fields locally assume a plane 

wave character, and 

- (4):: 
E x H  nds 

r 2  (4.5) 
J 

s4 

4 In order not to have the question always come up as to how far we should take S 

from the antenna, we let S4+Sm, the surface at infinity. 

We assume that the radial dimenions of the co-axial line are such that only 

the TEM mode is propagating. We select the reference plane A sufficiently far re- 

moved from the co-ax opening (a fraction of the wavelength is sufficient) to have 

the higher order mode fields essentially zero. At the reference plane the fields are 

then the sum of the incident and the reflected TEM modes. The amplitudes of the 

electric and the magnetic fields may be associated with equivalent electric voltage 

V and current I, respectively. One of the defining expressions is taken as 

(4.6 

The minus sign is selected to conform to the convention that the positive direc 

l tion of power flow is into the antenna. In case of the TEM mode the equivalent 
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transmission line voltages and currents may be made unique by taking the 

characteristic impedance of the line, zo, as  

where r. and r a re  inside and outside cylinder diameters, respectively. 
1 0 

Substituting (4.5) and (4.6) in (4.3) we have 

(1 )" - 1  (i) - (1)::: (i) - 
H -E (E(i)E dv, 

:k 
VI = 2P + j w  r i = l  

vi 

(4.71 

(4.8, 

Because we have let S recede to infinity, the volume V is infinite. How- 
4 4 

ever, this volume integral is finite because the fields assume the plane wave char- 

acter in the far-zone and a s  a result the integrand vanishes there. 

Substituting the respective values of permittivity, in Eq. (4.8), and 

separating the right hand side of (4.8) into real and imaginary parts, 

L -1 

N e  define 
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and electric fields, respectively, in the i-th region. 

With these definitions equation (4.9) may be rewritten as 

1 :; 

2 
- V I  = P +? r E' E i = 2  Vi i 

(4.11) 

The right-hand side of (4.11) consists of a real  part  and an imaginary part. 

The real part consists of the first  two expressions. The first expression is the 

average radiated power of the antenna. We identify the physical meaning of the 

terms in the second expression by observing that the divergence of the instantaneous 

Poynting's vector is equal to the negative instantaneous dissipated power density in 

the medium. From this, one may show (Landau and Lifshitz, 1960) that the time 

average density of the power dissipated in the permittivity losses is given by 

(4.12) 

2 and consequently the average power losses in the cavity and the plasma sheath P 

and P respectively, a re  given by the terms of the second expression on the right 

hand side of Eq. (4-11). The last  set  of terms on the right hand side we interpret 

as proportional to the difference in the magnetic and the electric energies stored by 

3' 

the antenna in each region, the proportionality constant being 2 w . 
80 
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4.3 The Circui t  Representation 

We define the antenna impedance at the reference plane A by 

V 
I 

Z = R + jx =- . (4.13) 

Substituting this in Eq. (4-11) and separating the real and imaginary parts, 

we obtain 

R = R  + R 2 + R  
r 3 

where 

E" 

3 
R3 = 5 --$ w!) dv; 

v3 

and 
4 

x =>: xi, 
i =1 

(4.14) 

(4.15) 

where 

i V 

From equation (4.14) we see that the resistance of the antenna consists of 

;hree resistances in series, we denote them by 

81 
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the "radiation resistance, 

resistance. 

the "cavity resistance, If and the plasma "sheath 

The "radiation resistance" is given by twice the average power radiated 

divided by the antenna input current amplitude squared. The "cavity resistance" anc 

the "plasma sheath resistanceff is given by twice the average power dissipated in the 

cavity and in the plasma sheath, respectively, divided by the square of the antenna 

input current. 

From Eq. (4-15) we see that the reactance of the antenna consists of four 

reactances in series: the "co-axial termination reactance, 

the "plasma sheath reactance, If and the "free space reactance, 

X4, respectively. Each reactance is given by the difference in the magnetic and the 

electric energies stored in the respective region multiplied by- . 

the I' cavity reactance, 

Xl, X2, X , and 3 

4w 
If' 

In this formulation of the equivalent circuit problem the current I is the 

independent variable. The equivalent antenna circuit may be represented by 

= R  + R  + R 3 +  an ideal current generator that is connected to the impedance Z 
r 2  

j LX1 + 5 +X3 + X 4] as shown in Figure 4-2. 

r R 
R2 R3 

IQ 

Figure 4-2. 
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Specifying the input current in the one-port network corresponds to specifying 

the tangential magnetic field at the input terminals of the antenna. In the four re- 

gions we must then solve for the electromagnetic fields that satisfy the vector wave 

equation and the boundary conditions; a formidable problem for the antenna struc- 

ture under discussion here. If we had specified the voltage V at the input ter-  

minals, then this would correspond to specifying the tangential electric field (in case 

of the TEM mode the total electric field) at  the reference plane A and the appro- 

priate circuit representation would involve an ideal voltage generator connected to 

an admittance which represents the antenna. The admittance Y is given by Z 
-1 . 

The above energy balance frame-work does not give any outright answers to 

the antenna problem. It does provide a form which suggests possible mechanisms to 

account for and explain some of the observed antenna behaviour. Before we take up 

the discussion of antenna configurations of interest we should make some observa- 

tion on the realizability of the equivalent circuit representation as well  as discuss 

some of the circuit aspects of the problem. The formulation of the antenna imped- 

ance representation pre -supposes the availability of an ideal current generator, i. e. 

a device which produces a specified current that is independent of the load. The 

voltage across the load then is a variable and depends for a given current generator 

the load connected to it. For quasi-static situations we  have devices that approxi- 

ate reasonably well the ideal current generator. For high frequencies such deviceE 

e not available, and the internal impedance of the generator enters the problem. 

owever, for high frequencies instead of a constant current generator we  can 
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ihysically approximate the ideal power generator: a device that sends a fixed 

imount of power on the load independent of the load and absorbs any reflected power. 

Nhen the antenna and its surroundings a re  composed of a linear medium, and such a 

2ase is assumed for this discussion, then the ratio of the reflected power to the 

incident power is independent of the incident power amplitude, and this ratio then is 

2f some use in describing the antenna properties. The power of a particular incidenl 

Yvaveguide mode determines the electromagnetic field amplitude. 

Eeature of the mode is its phase. Therefore, the boundary value problem of an ideal 

power generator source may be visualized a s  a waveguide mode incident on the 

reference plane A (in our case the TEM mode of the co-ax) for which we seek to find 

the amplitude and the phase of the reflected mode. Again we recall the assumption 

that the TEM mode only may propagate in the co-ax, and thus the incident and the 

reflected TEM modes constitute in our case the total field at the reference plane A, 

for all practical purposes. We see that in the ideal power generator boundary value 

problem we specify neither the tangential electric field nor the tangential magnetic 

field at A, but a partial field of each, namely, the electromagnetic field of the 

incident mode. The boundary value problem consists of finding the electromagnetic 

field in each region subject to the local boundary conditions and the provision that in 

the coax in addition to the incident TEM mode there exists an outward travellingTEN 

mode, i. e., the reflected TEM mode. In this case the total tangential electric and 

magnetic field at  the antenna input terminals, depends on 

The other main 
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the load, i.e. on any changes in the antenna structure. A s  before, we may associate 

equivalent current and voltage at  the input terminals, but none of these a re  now inde- 

pendent of the load. However, formulas (4.14) and (4.15) a re  valid for computing the 

antenna resistance and reactance. 

The characterization of the antenna that naturally fits the ideal power generator 

representation is the reflection coefficient, r . It is defined for any mode, as a 

ratio of the transverse electric field amplitudes of the reflected and incident modes, 

taken at the reference plane A. The same amount of physical information about the 

antenna is contained in the reflection coefficient representation as in the impedance 

representation. A w e l l  known simple transformation connects both representations: 

2 - 2  
0 

0 
r= z+z (4.16) 

The amplitude of the reflection coefficient squared is the fraction of the incident 

power reflected from the antenna. One often represents the antenna in terms of the 

voltage standing wave ratio (VSWR) given by 

which is the ratio of the electric field maximum to minimum amplitudes in the wave- 

guide feeding the antenna. 
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Whenever the circuit dimensions a re  small compared to the wavelength simple 

ircuits are common in which the resistance and reactance may be varied inde- 

,endently from each other. In some cases the antenna reactance may possibly be 

,aried without significantly affecting the radiation resistances. But this is not to be 

mxpected as a matter of course. Let us  assume that in Eq. (4.16) the real part of Z 

s fixed and let us  vary the imaginary part so a s  to obtain the minimum power re- 

lections from the load for a given Z and R. The fraction of the reflected power 

rom (4.16) is 

0 

2 2  2 (R-Z ) + X  2 2  

2 2  

(R-Z ) + X  

(R+Z ) +X 

0 

0 

0- 

(R+Z ) +X 
2 2  

0 

Irl = 

2 I under the conditions discussed above is The extremum of 

+I2]= ax 0 

:t leads to the condition that 

XRZ = O  
0 

(4.17) 

(4.18) 

(4.19) 

ind this can only be satisfied when 

x = o  (4.2 0) 

Zlearly this extremum point gives the minimum condition for the reflected power. 

4nd from Eq. (4.16a) , we see that whenever I 
ninimum. 

We then say that the antenna is matched to the feeding transmission line. In circuit 

theory we say  that the circuit is in resonance when the reactive part of Z vanishes. 

This of course is the ser ies  resonance of a simple RLC circuit. 

I is minimum then also VSWR is 

The absolute minimum ( r =0, and VSWR = 1) occurs when Z = R = Z  . 
0 
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similarly we say that the antenna is at resonance when X = 0. This condition implies 

rrom Eq. (4.15) that the magnetic energy storage is equal to the electric energy stor 

ige in the antenna. The same condition as in the RLC circuit resonance. 

$. 4 The Broad-Band and the Narrow-Band Antenna Problem 

We want to discuss specific antenna configurations and possibly infer some 

mechanism to explain the reported antenna behavior. We will use  the current gener- 

%tor representation, since i t  contains the same amount of information as  any other 

me. 

Case a. The cavity dielectric is loss-free: P2 = 0, and no plasma sheath on 

antenna surfaces, i. e. E = E . We have then from (4.14) and (4.15) that 
3 0  

(4.21 

OD 
S 

and 

(4.22 

We have used the subscript a in Eq. (4.21) and (4.22) to specifically indicate 

those quantities which wil l  depend on the antenna structure changes initiated in the 

later discussions, and the antenna configuration will  be identified by them as well. 

We imagine that we  tune the antenna by changing the cayity volume. The changes arl 
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made on the w a l l  opposite the cavity slot, so  as to keep the spatial character of the 

slot field approximately the same. The antenna is tuned when X = 0 in Eq. (4.22). 

We then have a specific value of the antenna resistance which we denote by R W e  

desire to make the antenna resistances equal to the characteristic impedance of the 

feeder line as the optimum condition of the operation. The next question of interest 

is to determine what causes X 

vanish separately, o r  do they cancel each other in some manner from which we may 

infer some physical meaning? The first  integral is over the volume of the co-ax 

feeder section. This is normally a small volume and the difference in the average 

energies stored is expected to be small compared with the other energies to be dis- 

cussed. For the time being we leave it out of the discussion. Since the cavity vol- 

ume is considerable, a significant amount of average energy may be stored there: 

electric energy will predominate when the cavity is below resonance while magnetic 

energies predominates above resonance. In the present case of no plasma sheath 

a 

r 
a' 

to equal zero. Does each integral in Eq. (4.22) a 

the common boundary between volumes V and V is only a geometrical boundary 

and the two volumes should be discussed together. Although V4 is an infinite vol- 

ume, the integral wil l  exist because the far-zone fields assume a plane wave char- 

acter which implies that the instantaneous energy storage in the magnetic and 

electric fields a re  equal, and hence the difference in the time average energy den- 

sities is zero as well i.e. 

3 4 

0, 
= O ,  r > R (4) - w  (4) 

W Ha Ea 
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vhere R is a sufficiently large number, Throughout volume V we will  get a 

significant contribution to the integral, this volume being close to the slot and also in 

0 3 

;he immediate vicinity of the cylinder. To the extent of neglecting the energy storage 

in the co-axial feeder section, one possibility of obtaining antenna resonance, 

ihysically a very appealing one, is to consider that the cavity difference energy 

storage is compensated by the difference energy storage outside the antenna, i. e. 

4 

[w(~) - w ' ~ ' ]  d v e  [w(~) H a  - wcO] Ea dv, (4.24) 

'i i = 3  Ha Ea 
v2 

In this picture the slot couples the two predominant energy storage systems: the 

Zavity and the near-zone of the antenna. The excess energy surges back and forth 

through the slot alternating directions each half cycle. This would be expected to 

snhance the slot field amplitude, and thus to increase the radiated power of the an- 

tenna. Unfortunately, we have no analytic means at our disposal to make this pic- 

ture of the antenna resonance unique for a configuration as in Fig. 4-1. W e  may 

also see from a slightly different viewpoint that the picture of resonance presented 

is a physically reasonable one. Let us assume that the cavity slot is closed, and the 

cavity is excited by a small probe on the opposite side. We select the cavity di- 

mensions such that i t  is in the lowest mode of resonance at the exciting frequency u. 

Now let us open a small slot. Energy from the cavity wil l  leak through the slot into 

the outside space. The nature of the cavity fields close to the slot wi l l  also change 

radically, because of the changed boundary conditions. The cavity is no longer in 

"resonance" a s  it has been de-tuned by the slot. Opening the slot creates in fact a 
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new system which involves not only the cavity, but also the free space outside the 

body of the antenna. We want to find again the lowest mode of resonance of this new 

system. The simplest one and therefore possibly the lowest mode of resonance 

appears when we change the cavity dimensions jus t  sufficient to make the sum of the 

difference energy storages in the cavity and the free space equal to zero. Only two 

possibilities are open, either the difference energy storage in the' cavity and the free 

space vanish simultaneously, o r  they cancel each other. The possibility of the first 

situation cannot be excluded for all cases. However, the latter possibility appears 

to be physically much more probable than the first one. In our discussion, for 

most part, we will consider only the most probable case. 

When the coupling slot is small compared to the wavelength in both dimension, 

only a small fraction of the cavity energy wi l l  leak out, and consequently we will 

claim that the IfQff 

cavity. In such a situation in order to obtain a significant amount of radiation from 

the antenna, the system must be brought to a resonance. That implies large field 

amplitudes in the cavity, large surface currents over the conducting walls, and also 

large electric fields in the slot, even when it is small compared to wavelengths. 

With the proper transmission line coupling into the cavity and the system at 

resonance, we should be able to radiate all the power from the feed line, no matter 

how small the slot is. Such an antenna has a very narrow band-width and any changes 

in configuration wi l l  de-tune it markedly. The fact that in our case the feeder excites 

of the new system is jus t  slightly lower than for the no slot 
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the slot directly does not change the substance of the discussion so far presented, it 

only makes the slot field more complex and thus less amenable to a theoretical 

treatment . 
From this discussion we see that it would be of considerable value to establish 

for some antenna shape the magnitude of the coupling provided by the slot for inside 

and outside reactive energies. The antenna configuration should be such that the 

exact solution of the boundary value problem can be carried out. 

A t  this point we should make a digression to observe that the impedance of a 

narrow slot in a perfectly conducting ground plane in free-space is related by 

Babinets' principle to the impedance of the thin electric antenna. (A thin wire cut in 

half and excited at the center by a voltage generator, also known as the electric 

dipole). The electric dipole is the most common and most studied antenna and its 

impedance is readily available. If Z is the electric dipole impedance and 2 

the thin slot impedance then from Babinets' principle we have that 

e m 

1 

e 
z = E  - (4.25) m e 2  

A thin slot in a perfectly conducting ground plane is an example of the physical 

realization of the magnetic dipole antenna. The magnetic dipole impedance may be 

applicable directly to antennas where the radii of curvature are large with respect to 

wavelength. 
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Case b. We leave everything as  in case a), except we add the plasma sheath. 

The permittivity of plasma we take a s  

E = E  
3 0  

2 
W 

2 2  
w +v m w +v m 

(4.26) 

where w is the plasma frequency, and v the momentum transfer collision 
P m 

frequency. In case a) we had the resistance of the antenna given by (4-21) and the 

cavity w a s  tuned such that the total reactance was zero. Maintaining the same cur -  

rent I at the input terminals we introduced the plasma sheath in V 

resistance and the reactance wil l  change. We  denote the new quantities by sub- 

script b. 

Both the 3' 

The antenna resistance now consists of two terms. The first term comes, as 

before, from the radiated power. The second term is new and it represents the 

power absorbed in the plasma sheath. The reactance, as  before, consists of four 

I 92 



T H E  U N I V E R S I T Y  O F  M I C H I G A N  

5825-1 -F 

integrals. We would like very much to make a statement about how much R differs 

from R and % from zero. Unfortunately for this we have to calculate the fields 
a' 

first. In that case we would also find the tangential electric field at the reference 

plane A, and hence the voltage V for the specified I. There would be no need for 

this integral representation. The main value of the above expressions a re  in that 

they provide a qualitative picture of the components of the resistance and reactance, 

and furthermore give a frame of reference for making comparisons if reasonable 

approximations can be made in the fields. The best possible thing would be to solve 

some canonical problems whose results could then be extended to the antenna shape 

of interest by physical argument. We have not done that as yet and thus we have 

to rely only on our physical feelings for the problem in order to make some further 

comments. 

b 

Conditions have not changed in the cavity, thus the fields would tend to main- 

tain themselves there a t  the previous values. Let u s  assume therefore that the 

difference average energy storage in cavity remains approximately the same. What 

happens to the fields in the plasma sheath? Let us  consider a case where 

w +I/ is negative and hence w ( ~ )  is negative, and 

the difference energy storage in the plasma sheath is the sum of the average electric 

'energy and average magnetic energy; always a positive quantity. The implication of 

this is that plasma beyond cut-off appears always inductive, no matter in what con- 

figuration it is placed. It is rather difficult to make some statements on the 

2 2  2 < w , then the real part of E 
" P  3 Eb 

I 93 



T H E  U N I V E R S I T Y  O F  M I C H I G A N  

5825-1 -F 

Lifference average energy stored outside the plasma sheath. However, one over-all 

!ffect of the plasma sheath is obvious: the antenna will be de-tuned; probably 

6 > 0, i.e. the antenna will appear to be inductive. This is the effect that the 

Ilasma sheath wi l l  play on the imaginary part  of the antenna impedance. The real  

)art of the antenna impedance consists of two parts, as pointed out before, the 

:adiation resistance and the plasma sheath resistance. The radiation resistance 

vith the plasma sheath beyond cut-off is definitely smaller than R 

;heath will impede radiation. The magnitude of the plasma sheath resistance will 

iepend in large measure on the magnitude of the electric fields in the plasma sheath 

tnd the ratio - . It may be comparable to the radiation resistance. 

because the 
a 

U m 
W 

Case c. The antenna has  the same conditions as in case a), except the 

)ermittivity in the cavity is complex. W e  tune up the antenna, i.e. make X 0, 

ind w e  have a corresponding resistance R . In terms of the fields for this case 

C 

C 

N e  have 

md 

(4.29) 

(4.30) 
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greater and hence the antenna Q is lower. The antenna Q is defined in the same 

manner as  for circuits. 

Case d) The antenna has the same conditions as  in case c), except we add the 

plasma sheath and do not re-tune the antenna. The elements of the antennaimpedancc 

we now express as  

v3 
m J 

(4.32) 

The same comments can be made about this case as in case b). Things a re  

changed only to the extent that we have energy dissipation in the cavity and this 

entails the change of fields in every other region to some extent. 

4.5 Discussion 

If the slot is narrow and less than half a wavelength long, then the coupling be- 

tween the cavity and the free space is not a maximum as would be expected when the 
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amount of radiation the antenna must be brought to a resonance and the shorter the 

slot the more narrow the antenna bandwidth will  be. Thus when the slot is short  as 

in Case a) we definitely have a narrow band antenna. In our further discussion we 

will refer  to this case as the "narrow band" antenna, and the Case b) as the 

"narrow bandff antenna with the plasma sheath. If we make the cavity dielectric 

lossy, we have Case c). The lossy cavity dielectric decreases the antenna Q and 

hence broadbands the antenna to some extent, causing a loss, of course, in the 

radiation efficiency, The Case c) we wil l  denote in our discussion as the "broad 

band" antenna. And Case d) as the "broad band" antenna with the plasma sheath. 

We have represented the equivalent antenna impedance in terms of the fields in the 

appropriate regions. Each region is characterized by a resistance and a reactance. 

For the total effect they add in series. Now we want to discuss the power radiated i n  

each case and make some comparisons. It is significant to discuss the antenna per- 

formance taking into account the internal impedance of the source. We select the 

voltage generator as the source and we consider a circuit as shown in Figure 4-3. 

Figure 4 - 3 
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An ideal transmission line of length s, phase constant p and a characreristic 

impedance Z 

represents the transmitter. The length of the transmission line is from the 

reference plane A to the transmitter terminals. The transmitter is specified by 

voltage V and internal impedance Z The current I through the impedance 2 is 

connects the antenna to the equivalent voltage generator which 
0 

g g. 

given by 

where 

v - po cos(Ps z (z + z  ) I =  
0' g s 

Z + j  z tan (Ps)  

' s  = '0 z +j  z tan ( ~ s )  
0 

0 

- j  z sin ( P S I ]  , (4.33) 
S 

(4.34) 

The above formulas result from elementary transmission line theory. The radiated 

power of the antenna is given by 
0 
L 

1 
P = -  111 R r 2  r (4.35) 

The maximum power wil l  be extracted from the generator and transferred by 

the transmission line to the load when the load impedance as seen at the generator 

terminals is equal to the conjugate of the generator impedance, a well known con- 

dition, i.e. 

Furthermore, when the generator is not matched to the line, the reflection 

coefficient in the line does not provide a means of relating the power absorbed by the 
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antenna with the antenna impedance changes. This is because the reflection 

coefficient is simply the reflected wave amplitude divided by the incident wave 

amplitude, and the incident wave amplitude changes as the load changes when the 

generator is not matched to the line, i.e., Zg # Zo. A good way to show that the 

generator is matched to the line is to monitor with a directional coupler the incident 

power. If it remains constant as the load is changed, then the generator is indeed 

matched to the line, and the reflection coefficient changes permit one to obtain a 

measure of changes in the power absorbed by the antenna. In the subsequent dis- 

cussion we wi l l  assume that the generator is matched to the transmission line. 

The main question before us  is the experimental observation that the plasma 

sheath impeded the radiation field considerably more in the case of the "narrow- 

band" antenna than in the "broad-band" antenna case. Even in spite of the fact that 

the narrow band antenna is a more efficient radiator when in resonance than the 

"broad band" antenna, the former gave a weaker far-zone field with the plasma 

present. This observation is very difficult to explain. On the basis of the impedancc 

representation we can readily explain the antenna de-tuning when the plasma sheath 

appears in the "narrow band" antenna case. The sheath destroys the resonance 

condition and this introduces an appreciable reactance in the antenna impedance 

which decreases the antenna current and hence the radiation power. Par t  of the 

power taken by the antenna is dissipated in the plasma resistance and the remainder 

is radiated. 

5825-1 -F 
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In case of the Ifbroad band" antenna similar comments apply, with the exception 

hat the cavity is now lossy, and in addition to the plasma resistance and radiation 

:esistance we add cavity resistance. Also we are  told the resonance experimentally 

xcured under different conditions. It was necessary to introduce a stub tuner in the 

.ransmission line between the reference plane A and the co-ax opening in order to 

Ibtain a better match between the antenna and the co-ax. In fact this creates an 

2nergy storage volume that no longer can be neglected in the over-all balance. One 

nust consider the fact that this may change the resonance pattern, and either just 

reduce the reactive fields outside in the vicinity of the slot without unduly decreasing 

;he slot field itself, o r  i t  may cause outside reactive energy to shift more into the 

magnetic field. The appearance of the plasma sheath under these conditions is ex- 

3ected to decrease the radiation field to a lesser  degree than in the "narrow band" 

mtenna case. 

The experimental geometry of the problem makes it impossible to consider 

an exact theoretical solution. We are  left with considering a resonant structure 

Nhere a solution is possible and to study the outside reactive fields and their con- 

trol by changes in the inside energy storages with a view of making the above argu- 

ments more definite and unique than they are now. One of the main questions to be 

answered is: to what extent the energy storage outside is coupled to the inside 

energy storages, and to what extent it can be controlled by inside tuning? Can the 

antenna be tuned by some "inside resonances" which a s  a result does not require 
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arge reactive fields outside? In these areas there is very little theoretical informa- 

ion available. It must be added that for a resonant antenna of the type we are  dis- 

:::CEing: - the "plane wave" approximation to predict the loss through the plasma sheath 

lees appear to be very poor indeed. This type of approximation is expected to hold 

nuch better for apertures that are  comparable with wavelength in both dimensions, 

such as an open waveguide radiator. One must also be aware of the fact that the 

ilasma sheath not only impedes the transfer of power into the radiation field, but 

ilso changes the amplitude of the slot field (usually decreasing it) and thus com- 

iounding the influence of the plasma sheath. The real antenna problem is not equiv- 

dent to some prescribed source on the antenna surface, because in reality the true 

3ource is all the way back in the electronic package. The slot field can be regarded 

LS an "equivalent" source for the field outside the antenna. However, it  lacks the 

?equirements of a true source: the energy in the "equivalent source'? is finite, while 

.n a true source it must be infinite. 
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V. FUTURE WORK 

Some obvious extensions of the theoretical work accomplished so far include 

consideration of a dielectric under the shell that is different from that on the outside 

and the application of the method of Chapter 11 to the case of the narrow slot. On the 

basis of this study one would then be in a position to choose a dielectric constant 

ratio such that for a narrow frequency band of interest the cylinder antenna would 

radiate through the slotted shell for all angular positions of the shell slot. 

Another extension is to consider a finite thickness, partially transparent 

plasma sheath with an infinite axial slot. The radiation then would depend not only 01 

the energy that leaks out through the slot, but also on the leakage through the 

plasma sheath itself. This is a new boundary value problem and it is expected to be 

somewhat more difficult than the one discussed in Chapters I1 and IIL 

Another problem of some potential interest is to consider that the cylinder slot 

is excited by a wedge waveguide which has a magnetic line source at the origin. This 

in fact is a complete antenna problem. In order to find the slot fields of the cylinder 

slot and the sheath slot we have to solve two simultaneous integral equations. The 

solution of this problem would also show the extent to which the shell depresses the 

cylinder slot field. 

The further problem of relating these solutions to practical antenna configura- 

tions is also of continuing importance. For this, physical intuition and understandinl 

of the canonical problem may not be sufficient, and some judicious experiments may 

have to be undertaken. 


